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ABSTRACT 
 

The attempts made to implement definite integrals in hardware have largely focused on microcontrollers which are 
devices that operate sequentially. Recent attention has been focused on the idea of implementing definite integral 
systems on field programmable gate arrays (FPGAs). It is in this regard that this research was envisioned, i.e. to 
develop a definite integral equation solver based on the Riemann summation with an FPGA as the target device. To 
achieve this objective, an arithmetic logic unit (ALU) capable of performing integer addition, subtraction, 
multiplication, and division was designed and developed using VHDL (VHSIC Hardware Description Language). 
The ALU was used in executing the algorithm of the Riemann Summation which effectively performs the definite 
integral operations. Definite integral equations was successfully solved using the developed solver. The results 
obtained were accurate as indicated in the output figures of the solver, which tally with the manually generated values 
in the research. The solver operate at low power with 2.684W dynamic power and 0.143W static power and with low 
resource utilization of 1458 look up tables (LUT) out of a total of 134600 available, 199 flip-flops (FF) out of 269200 
available, 80 digital signal processing (DSP) out of 740 available and 68 input-output (IO) out of 285 available. The 
results of the three out of the five definite integral equations solved have zero relative error, while the remaining two 
have 0.694% and 0.510% relative errors respectively, which are all less than 1%. The errors, though negligible, are as 
a result of the settings for the midpoint value. Comparison of the resource utilization of the solver with related works 
shows that the solver has far low resource utilization and hence good performance. 

 

Keywords:Definite Integrals, Integral Solvers, Algorithms 

1. INTRODUCTION 
 
One key area of computation in the design of infrastructure 
is calculus which is applied in area analysis and volumetric 
analysis. Calculus is essentially divided into integral 
calculus and differential calculus. Integral calculus is 
typically used in the determination of areas and volumes in 
designs, while differential calculus typically deals with rate 
of change of an observed phenomenon in a design 
(Capobianco, Enea, and Ferraro, 2017). In this research, the 
focus is on integral calculus owing to the fact that 
infrastructural development in terms of buildings, roads and 

dams in most societies is usually more widespread than that 
of mechanics of machines for which differential calculus is 
applicable. The research work is aimed at design and 
development of a Field Programmable Gate Array (FPGA) 
based Riemann Summation Definite Integral Equation 
Solver.Although the use of single FPGA systems is well 
understood, at least among the digital circuit design 
community, multi-FPGA systems are still being 
investigated. The complexity of using such systems is 
extremely great, and non-circuit designers are well beyond 
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their capabilities. Their performance in floating-point 
intensive applications, in particular, as well as their power 
efficiency advantages, are not widely understood or 
researched (Sudarsanam, Hauser, Dasu, and Young, 
2014). 
The study ,“High precision computing of definite integrals 
with .NET framework C# and X-MPIR," was conducted to 
provide high precision definite integral solvers (Dzambove, 
2014). A study on the “closed forms of some definite 
integrals” studies two special types of definite integrals and 
uses Maple for verification (Yu, 2014a). Research on 
“evaluating some types of definite integrals” studies three 
types of definite integrals and compared results obtained 
with that generated by Maple (Yu, 2014b). The research 
“The Five Columns Rule in Solving Definite Integration by 
Parts through Transformation of Integral Limits,” 
employsthe five columns rule in solving definite integration 
by parts through transformation ofintegral limits to provide 
easy solutions to definite integrals (Jandja and Lufti 2018). 
The research “Definite integrals by the method of brackets,” 
employ methods of brackets to provide solutions to special 
types of definite integrals (Gonzalez and Moll 2010). The 
study “Chaotic Firefly Algorithm for Solving Definite 
Integral” solves definite integrals using chaotic firefly 
algorithm (Abdel-Raouf, Abdel-Baset, and El-henawy, 
2014). Research on the Application of Poisson Integral 
Formula on Solving Some Definite Integrals studies six 

types of definite integrals and uses maple for verification. A 
paper “solution of Definite Integrals using Functional Link 
Artificial Neural Networks” solves definite integrals using 
feedforward artificial neural networks. A lot of research is 
put forward to providing easy and quick solutions to 
definite integrals due to the role they play in solving real 
life to problems. 
The desire to design and implement definite integrals on 
hardware devices which are portable, fast and accurate in 
computation, is an active area of research. Various attempts 
have been made in literature to develop definite integral 
solution systems using approach which are distinct from 
each other. The attempts made to implement definite 
integrals in hardware have largely focused on 
microcontrollers which are devices that operate 
sequentially. Recent attention has been focused on the idea 
of implementing definite integral systems on field 
programmable gate arrays (FPGAs). It is in this regard that 
this research was envisioned to develop a definite integral 
equation solver based on the Riemann summation with an 
FPGA as the target device. 
The methodology of the design was based on an inter-
process communication between the Riemann summation 
algorithm and the ALU. Every arithmetic operation in the 
Riemann summation was performed by requesting and 
using the appropriate arithmetic service in the ALU. 
 

2. LITERATURE REVIEW

A Riemann sum is a type of finite sum approximation of 
an integral in mathematics. It is named after the German 
mathematician Bernhard Riemann, who lived in the 
nineteenth century. Approximating the area of functions 
or lines on a graph, as well as the length of curves and 
other approximations, is a highly popular use. The total 
is computed by dividing the region into forms 
(rectangles, trapezoids, parabolas, or cubics) that 
together make a region that is comparable to the one 
being measured, and computing the area of each of these 
shapes, and then adding all of these little areas together. 
Even though the fundamental theorem of calculus does 

not make finding a closed-form solution easy, this 
approach can be used to discover a numerical 
approximation for a definite integral. The Riemann sum 
will differ from the area being measured because the 
region filled by the little forms is usually not exactly the 
same shape as the region being measured. By splitting 
the region more precisely and employing smaller and 
smaller shapes, this inaccuracy can be reduced. The sum 
approaches the Riemann integral as the forms get smaller 
and smaller. To create a Riemann sum, we must first 
decide how we will generate our rectangles. One option 
is to have the top-left corners of our rectangles touch the 
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curve. A left Riemann sum is what this is termed. 
Another option is to make our rectangles' top-right 
corners contact the curve.A Right Riemann sum is what 
this is termed. The height of each rectangle in a midpoint 
Riemann sum is equal to the value of the function at the 
midpoint of its base (Swartze and Kurtz, 2011). 
Changdar and Bhattacharjee (2019) presented an 
approach for solving definite integrals using feedforward 
artificial neural networks in their paper "Solution of 
Definite Integrals Using Functional Link Artificial 
Neural Networks." The researchers created a neural 
network that was utilized as a novel alternative to 
traditional numerical methods. The algorithm was used 
to solve the definite integrals by minimizing a well-
constructed error function. The results showed that the 
algorithm is effective and precise in comparison to 
existing traditional numerical methods, and that it is 
well-suited for applications that require the integration of 
higher order polynomials. The research effort provided 
an efficient way to integrate higher order polynomials 
with a robust learning algorithm, but takes time to set up 
and provide results. The process needs to be sped up, and 
portability of the algorithm and the solver is also an issue 
to be addressed. This will allow for quick and on-the-
spot results of definite integral problems or challenges. 
Yu (2016) investigates two types of definite integrals in 
his paper "A Study of Definite Integrals Using Parseval's 
Identity." The infinite series expressions of the two types 
of definite integrals were determined using Parseval's 
identity. For practical calculations, two instances were 
used. The study's research technique was to uncover 
solutions using hand computations and then validate 
them using Maple. The research method enables the 
detection of calculation errors as well as the modification 
of original thinking paths. When compared to the one 
obtained by Maple, Parseval's identity method produced 
good results. It further stated that Maple offers guidance 
on problem-solving techniques. The study has the 
advantage of allowing calculating flaws to be discovered, 
but it is entirely manual, and hence need 
computerization.  

Dzambove, (2014), offers High Precision Computing of 
Definite Integrals with.NET Framework C# and X-
MPIR, which is part of a series of papers charting the 
progress of developing tools for high precision 
computations in this environment. An application built 
with the most up-to-date state-of-the-art library for 
realizing arbitrary precision functions and numerical 
algorithms in a given environment. The main purpose of 
the research was to develop powerful, mutually 
supportive computational instruments for tackling non-
trivial issues in a given setting. The procedure is for a 
specific problem and is crucial in the case at hand 
(numerical integration of definite integrals), also known 
as the double exponential transformation. The program 
solves infinite integrals within the interval (a,∞) with an 
arbitrary real number a or(−∞,∞) and the calculations 
were done with an arbitrary (user-defined) accuracy. It 
employs a text form function expression that allows for 
additional parameters and can include algebraic 
operations and functions (elementary and special). The 
application was written in C# for the.Net Framework and 
is designed to be as portable as possible (32- or 64-bit 
Windows systems). The work presented a method for 
numerically computing definite integrals with high 
precision and a powerful mutually supportive 
computational instrument. It is an effective strategy, but 
it takes time to set up and create results. It 
requires acceleration of the results generation process. 
Raab (2013), discusses the evaluation of integrals in 
closed form in his essay "Generalization of Risch's 
Algorithm to Special Functions." The study gives an 
overview of Risch's algorithm, focusing on major regions 
and recent improvements. Both indefinite and definite 
integration were shown to be possible with the 
techniques outlined. The study appears to be beneficial 
because it may be used to establish identities for special 
functions supplied by parameter integrals as well as 
compute linear relations among integrals. The goal of the 
project was to introduce the reader to some basic notions 
of differential algebra in the context of integration, as 
well as to promote knowledge of computer algebra 
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methods for indefinite and definite integration in the 
physics community. The work solves both definite and 
indefinite integrals, but it is a manual method that ought 
to be automated. 
Abdel-Raouf, Abdel-Baset, and El-henawy, (2014), 
developed a Firefly Algorithm with Chaos (IFCH) for 
calculating definite integrals in their work “Chaotic 
Firefly Algorithm for Solving Definite Integral”. The 
IFCH addresses the issue of executing concurrent 
numerical integration calculations in sciences and 
engineering, as well as providing adaptive segmentation 
points in the method. The results of various numerical 
simulations revealed that the algorithm provides an 
effective method for calculating the numerical value of 
definite integrals, with a good convergence rate, 
precision, and robustness. This approach has a wide 
range of applications and can easily answer a variety of 
challenging issues; however, the process of results 
generation needs to be sped up so as to improve on the 
delay in the process. 
Khalil (2015) presented an Improved Bat Algorithm with 
Chaos (IBACH) for solving definite integrals in his 
research. The IBACH answers the question of parallel 
numerical integration computation in engineering and 
adaptive segmentation sites. Several numerical 
simulation results suggest that the approach is a good 
way to determine the numerical value of definite 
integrals since it has a high convergence rate, precision, 
and robustness. 
Razak et al. (2017) offered a hardware implementation of 
four numerical integration methods utilizing FPGA in 
their research. Left Riemann Sum (LRS), Right Riemann 
Sum (RRS), Middle Riemann Sum (MRS), and 
Trapezoidal Sum (TS) algorithms are used in the 
computation. In comparison to other algorithms, the 
system performance is measured using the target chip 
Altera cyclone IV FPGA in terms of resource utilization, 
clock latency, execution time, power consumption, and 
computational error. The results revealed that the FPGA 
implementation is substantially faster than the software 
implementation. The algorithms performance were 

evaluated based on the following performance metrics: 
resource utilization, clock latency, execution time, power 
dissipation and computational error. Comparing the 
amount of resources for the four algorithms, the TS had 
the highest amount of resources compared to others. The 
LRS and RRS have lower amount of clock cycle when 
compared to the MRS. TS had the highest latency 
compared to others. 
Khursid and Mir (2014) used the one-to-one correlation 
between Integration algorithms and universal FIR filters 
in their research. The research implemented the 
trapezoidal rule for numerical integration by mapping the 
integrating algorithm onto the FIR structures.This 
relationship is used to create a structure that implements 
the Integration algorithm. However, such systems often 
have substantial critical path delays, which limit the 
sampling/throughput rates. Concurrency was exploited at 
multiple stages within the method to solve the challenge. 
The effects of pipelined and parallel structures on speed 
and power metrics were explored independently. The 
data routes inside the structure were adjusted via these 
architectural adjustments, allowing the structure to 
operate at faster throughput rates and/or with lower 
power consumption. FPGA was used as the 
implementation platform because of their ability to 
provide a high level of hardware programmability. The 
research modified earlier approaches that mainly focused 
on improving the individual components of the structure, 
by implementing the trapezoidal rule of numerical 
integration through mapping the integration algorithms 
on the FIR structures using pipelining and parallelism. 
There is considerable improvement in performance when 
the architecture is modified through implementation of 
pipelining and parallel processing. The research 
recommended employing pipelining and parallelism to 
improve throughput and reduce latency in complex 
algorithms or models. 
Rana et al. (2016) described a systematic technique for 
hardware implementation of the basic operators of 
fractional calculus (fractional integrator and derivative) 
using field programmable gate array (FPGA) in 
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LabVIEW environment, by utilizing Grunwald–Letnikov 
definition. Some fractional orders were simulated and 
hardware implementation results for fractional order 
integrator and derivative of sinusoid and square 
waveform signals have been generated. Fractional order 
calculus has been found to be relevant in system 
modeling. System modeling using fractional calculus is 
much more accurate as compared to integer order 
modelling. Process control is an area where fractional 
order control is being used to provide improvement over 
conventional control processes. Using fractional integrals 
and derivatives instead of classical integer order integral 
and derivative terms is able to provide considerable 
improvement in PID control. When satisfactory results 
were obtained in simulation, the logic was deployed onto 
the FPGA hardware using the FPGA toolkit of 
LabVIEW. This toolkit converted the graphical 
LabVIEW code into very high speed integrated circuits 
hardware description language (VHDL) and deployed it 
onto the FPGA hardware target. In a way, the LabVIEW 
user is freed from learning the intricacies of VHDL. The 
results for fractional integration/differentiation of 
standard waveforms such as sinusoid and square for 
some selected fractional orders have also been presented. 
Developed fractional integrations and derivatives 
demonstrated a very close agreement with the expected 
ideal theoretical results and thereby validating the 
procedure employed in the research. The researchers 
recommends future studies integrating the developed 
fractional operators with the hardware processes for 
fractional order control or signal processing applications 
and enhanced performances. 
Zhao et al. (2021) considered the context of more 
practical vehicular communication environment: BSM 
broadcast, asynchronous timing between hidden 
terminals, Nakagami channel fading, and Non-
Homogeneous Poisson Process vehicle distribution in 
their study "Accelerating Interference-based Quantity of 
Service (QoS) Analysis of Vehicular Ad Hoc Networks 
for (Broadcasting Basic Safety Message) BSM Safety 
Applications: Parallel Numerical Solutions and 

Simulations." The computational complexity of 
numerical solutions for Quantity of Service (QoS) and 
capacity metrics is so high that the computation time is 
unacceptably long. The metrics were evaluated using a 
combination of numerical integration and a parallel 
technique. For speeding up the computational process, 
the Monte Carlo integration and MPI (Message Passing 
Interface) methods were used, and the analysis of QoS 
measures was validated. 
Product integration (PI) rules are well-known numerical 
algorithms for solving integer and, more recently, 
fractional order differential equations. The PI rules used 
to solve fractional-order systems (FOS) have a high 
memory reliance, making their hardware implementation 
complex and resource-intensive. Abdelaty, et al. (2020) 
modified utilized versions of the PI rules to enable digital 
implementations in their study "Numerical Simulations 
and FPGA Implementations of Fractional-Order Systems 
Based on Product Integration Rules." The PI rectangle, 
PI trapezoidal, and predict-evaluate-correct-evaluate 
(PECE) rules were investigated. To demonstrate the 
effect of the memory window size on the solution 
correctness, the three modified versions of the PI rules 
were validated using a benchmark system of differential 
equations for varying sizes of the memory window. A 
unique fractional-order chaotic system was simulated 
using three modified versions of the PI rules (FOCS). 
After that, a Field Programmable Gate Array is used to 
implement the chaotic system (FPGA). Xilinx ISE 14.7 
on Artix 7 kit was used to create FPGA implementations 
of the three PI rules. Improved throughput for PI 
rectangular was 128.8 Mbits/sec, PI trapezoidal was 
129.12 Mbits/sec and fractional-order PECE was 1280 
Mbits/sec. 
Yushkova (2021) did research on "Strategies for 
choosing an acceptable numerical method for FPGA-
based Hardware-In-the-Loop (HIL)" to improve the 
results of HIL techniques by combining Field-
Programmable Gate Arrays (FPGAs), which allow for 
faster and more accurate real-time simulations. The 
selection of right numerical approach for implementation 
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is one of the implementation issues. The HIL 
performance of four widely used numerical methods 
were assessed: first order Forward Euler, second order 
Adams–Bashforth, second order Runge–Kutta, and 
fourth order Runge–Kutta. Their error results were 
calculated using different simulation time steps and 32- 
and 64-bit resolutions. The approaches were 
implemented in FPGA for simulation of a simple power 
converter both on its own and as part of an HIL. The 
results of hardware synthesis are produced, as well as the 
shortest execution time for each approach. Even though 
Runge–Kutta methods get the highest accuracy, when 
accuracy limiting constraints in real environments are 
taken into account, the simplest methods (1st order 
Forward Euler and 2nd order Adams–Bashforth) achieve 
the best overall performance in terms of Cost 
Performance Indexes. 

The literature survey conducted above clearly indicates 
that an FPGA Based Riemann Summation Definite 
Integral Equation Solver using a Xilinx 7-series device 
with VHDL as the synthesis language, has not been 
explored. Bridging this technical gap is the 
keymotivation of this research. This paper presents a 
step-by step procedure for the design and implementation 
of a Field Programmable Gate Array (FPGA) Based 
Riemann Summation Definite Integral Equation Solver. 
 
 
 
 
 
 
 
 

3. METHODOLOGY  

 

3.1 Scope of the research work 

The study is limited to the design and simulation of 
VHDL Definite Integral Equation Solver Using Riemann 
Summation that is capable of solving definite integral 
equations of type: 

I= ∫ (𝑥𝑥 + 𝑘𝑘𝑥𝑥𝑛𝑛)𝑏𝑏
𝑎𝑎 dx(1) 

where k is the coefficient of the variable x 
b is the upper limit of integration 
a is the lower limit of integration 
I is the definite integral 
n is the power of the variable x 
The device to be designed will be portable, dedicated to 
solving this class of definite integrals, and will not 
require data or internet connectivity to generate results. 
The board to be used will include a dedicated processor 
to handle problems of definite integrals at faster rate.  
 

3.2 Architectural Design 
The Design will begin with an arithmetic and logic unit 
(ALU) that will perform numerical operations 
(operations include integer addition, subtraction, 
multiplication, and division) on targets operands, 
followed by a definite integral solver based on Riemann 
summation using the ALU developed and then finally 
simulate the above two designs and evaluate the 
performance of the definite integral solver using an 
example problem. To this end, the design of the FPGA 
integral solver based on integer arithmetic operators will 
begin by the design of the four fundamental operators of 
the integral solver. The four fundamental operators 
together will form the Arithmetic and Logic Unit (ALU). 
The functions in this unit are then deployed in the FPGA 
development of the definite integral solver. Figure 1 
depicts the work flow of the architecture. 
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Figure 1: Work flow for methodology 

As shown in Figure 1, the methodology starts with the 
four fundamental integer arithmetic operators: integer 
addition, integer subtraction, integer multiplication and 
integer division. The definite integral equation for which 
the solver is designed is of the formpreviously described 
in equation (1). 
The philosophy of the design is that a signed 8-bit 
number which ranges from -128 to +127 can 
conveniently handle the values of the integral equation in 
practice, while the terms of the integral equation can be 
adequately represented by a signed 32-bit number which 
ranges from -2,147,483,648 to +2,147,483,647. 
3.3Definite Integration Steps 
The coding of the very high speed definite integral 
equation solver is done according to the following steps 
outlined below. The solver takes the equation parameters 
as input, derive the approximation sequence, derive 
midpoints from approximation sequence, derive the 
width of approximation sequence sub-intervals, and 
finally compute the definite integral.  
3.3.1 Equation Parameters: The equation parameters are 
necessary inputs which the solver will use in solving a 
definite integral equation, or a function summation. The 
parameters include the following: 

i. The upper limit of integration b 
ii. The lower limit of integration a 
iii. Desired number of approximation interval n 

iv. First term of the definite integral equation 
(which could be coefficient of variable, power of 
variable if any, or constant) 
v. Second term of the definite integral equation 
(which could be a constant) 

3.3.2 Derivation of approximation sequence: This is 
achieved by creating a sequence whose incremental step 
is determined by: 

                           ∆𝑠𝑠 =
𝑏𝑏 − 𝑎𝑎
𝑛𝑛

                                     (2) 

The approximation sequence will thus be defined as 
follows: 
            𝑃𝑃𝑃𝑃 = {𝑎𝑎, 𝑎𝑎 + ∆𝑠𝑠, 𝑎𝑎 + 2∆𝑠𝑠,𝑎𝑎 + 3∆𝑠𝑠, … ,𝑏𝑏}         ( 3) 
 
3.3.3 Derivative of midpoints from approximation 
sequence: The midpoints which play vital role in 
Riemann summation are derived from the approximation 
sequence using the following relationship: 

                                      𝜉𝜉𝑃𝑃 = 𝑀𝑀𝑃𝑃 = ∆𝑠𝑠𝑃𝑃
2

 (4) 

 
3.3.4 Derivation of the width of approximation      
sequence sub-intervals: The width of the sub-intervals in 
the approximation sequence is derived as follows: 
                         Δ𝑥𝑥1 = (𝑎𝑎 + Δ𝑠𝑠)− 𝑎𝑎 

Δ𝑥𝑥2 = (𝑎𝑎 + 2Δ𝑠𝑠)− (𝑎𝑎 + Δ𝑠𝑠)                           (5) 

Δ𝑥𝑥3 = (𝑎𝑎 + 3Δ𝑠𝑠)− (𝑎𝑎 + 2Δ𝑠𝑠) 
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Δ𝑥𝑥𝑛𝑛 = 𝑏𝑏 − (𝑎𝑎 + 𝑛𝑛Δ𝑠𝑠) 

3.3.5 Riemann integration: The Riemann integration is 
computed using the following relationship 

          𝐼𝐼 = ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 = ∑ 𝑓𝑓(𝜉𝜉𝑃𝑃)Δ𝑥𝑥𝑛𝑛
𝑃𝑃=1

𝑏𝑏
𝑎𝑎  (6) 

The Riemann integration is computed from (6) above by 
adding the products of  𝑓𝑓(𝜉𝜉𝑃𝑃)  and Δ𝑥𝑥𝑃𝑃, where 𝑓𝑓(𝜉𝜉𝑃𝑃) is 
the solution of the equation at a particular midpoint i 
obtain in (4) and Δ𝑥𝑥𝑃𝑃is the width of the sub-intervals in 
the approximation sequence obtain in (5). 
3.5 The Coding outlined 

3.5. 1. Module: Divider 
--The Appropriate and Relevant Libraries Loaded 
--The Divider Entity  
--The Divider Architecture  
-- Type for the FSM states 
-- Inputs/outputs of the state register and the z, d, 
and i registers 
-- The subtraction output 
--control path: registers of the FSM 
--control path: output logic 
--done <= '1' when state_reg = idle else '0'; 
 
--control path: registers of the counter used to count 
the iterations 
--control path: the logic for the iteration counter 
--data path: the registers used in the data path 
--data path: the multiplexers of the data path 
(written based on the register 

--assignments that take place in different states of 
the ASMD 
--data path: functional units 
--data path: output 
3.5.2. Module Name: riemann_eqn1- Behavioral 
--The Appropriate and Relevant Libraries Loaded 
--The riemann_eqn1 
--The riemann_eqn1Architecture 
-- Conversions 
-- Concurrent Process 
-- Sequential Process 
3.5.3 Module Name: Riemann_Integral_Solver – 
Behavioral 
--The Appropriate and Relevant Libraries Loaded 
--The Riemann_Integral_Solver  
--The Riemann_Integral_Solver Architecture 
-- Signals declarations 
--  uu0: ENTITY work.riemann_eqn1 PORT MAP 

-- Riemann_Integral_Solver block 

 

       

      

      

      

      

      

 
 
 

 4. RESULT AND DISCUSSION 

4.1 Stepwise Performance Analysis 
Consider the integral equation: 

             𝐼𝐼 = ∫ 𝑥𝑥38
0 𝑑𝑑𝑥𝑥              (7) 

Using the midpoint approach with midpoint number n = 
4, the performance of the integral solver is analyzed as 
follows: 

The interval ∆ of the integral is computed as follows: 
          ∆= 𝜓𝜓𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 − 𝜓𝜓𝜓𝜓𝜓𝜓𝜓𝜓𝑈𝑈𝑈𝑈 = 8 − 0 = 8                  (8) 

 
where Ψ denotes either the upper limit or lower limit of 
integration. 
The integral solver used the relationship in (8) and 
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obtained the same result. This is shown in 
figure 2. 
 

 
Figure 2: Integral interval 

 

The midpoint factor α which is used in determining the 

partition points is determined by dividing the interval by 

the midpoint number. Mathematically, this is computed 

as follows: 

                 𝛼𝛼 = Δ
n

= 8
4

= 2(9)   

  

The integral solver obtained the same using the 
relationship in (9). This is shown in figure 3 
 

 

Figure 3: Midpoint factor 

Let P1, P2, P3,…Pnbe the partition points. These points 
are determined using the following 
relationships: 

𝑃𝑃1 = 𝜓𝜓𝜓𝜓𝜓𝜓𝜓𝜓𝑈𝑈𝑈𝑈  
𝑃𝑃2 = 𝑃𝑃1 + 𝛼𝛼 

                                 𝑃𝑃3 = 𝑃𝑃2 + 𝛼𝛼     (10) 
. 
. 
. 

𝑃𝑃𝑛𝑛 = 𝑃𝑃𝑛𝑛 − 1 + 𝛼𝛼 
 

The integral solver used the relationships in (10) and 
computed the partition points as shown in 
figure 4. 
 

 

Figure 4: Partition points 

It can be noticed in figure 4 that the partition points were 
computed beyond the upper limit of the 
integral. This is necessary because VHDL forbids the 
dynamic increase data points during run 
time. As such designs like this have to incorporate this 
kind of redundancies such that equations 
with higher number of variables can be handled by the 
integral solver. Let M1, M2, … Mn, be the midpoints of 
the subintervals in the integration. These points are 
computed using the following relationships: 
 

𝑀𝑀1 =
𝑃𝑃1 + 𝑃𝑃2

2
 

                                            𝑀𝑀1 = 𝑃𝑃2+𝑃𝑃3
2

(11) 

. 

. 

. 

𝑀𝑀1 =
𝑃𝑃𝑛𝑛−1 + 𝑃𝑃𝑛𝑛

2
 

 
The integral solver computed the midpoints of the 
subintervals using the relationship in (11); this is 
indicatedin figure 5, where all the midpoints of the 
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subintervals are shown. It should be noted that due to the 
redundancies used in the computation of the midpoints as 
shown in figure 4, the integral solver as expected made 
subinterval midpoints calculation beyond what is 

required in this particular computation. This design 
approach makes it possible for the integral solver to 
handle integral equations with higher number of terms. 

 

Figure 5: Subinterval midpoints 

It should be noted in figure 5 that the other values for 
midpoint subintervals are zero because the integral solver 
determined that it is not necessary to compute those 
values for the equation being solved. Using the midpoint 
approach, the Riemann integral for a function with 
midpoint number n is given as: 

                     𝐼𝐼𝑛𝑛=∑ 𝑓𝑓(𝜉𝜉𝑘𝑘 )Δ𝑥𝑥𝑛𝑛
𝑘𝑘=1                                           (12) 

Where ∆x =α=2. 
From (12), the values of the function f (ξk) are 
determined as follows: 

 

 
 
 
 
 
The integral solver using the relationship in (12) and as 
shown in figure 6, computed the values of 
f (ξk ) in the same manner as the computed values in (13) 
 

𝑓𝑓(𝜉𝜉1) = 𝑓𝑓(1) = 13 = 1 
𝑓𝑓(𝜉𝜉2) = 𝑓𝑓(3) = 33 = 27 
𝑓𝑓(𝜉𝜉3) = 𝑓𝑓(5) = 53 = 125 
𝑓𝑓(𝜉𝜉4) = 𝑓𝑓(7) = 73 = 343 

 

(13) 
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Figure 6: Values of the function f(ξi) 

For a midpoint number value of n = 4, the relationship in 
(12) is determined as: 
𝐼𝐼4=∑ 𝑓𝑓(𝜉𝜉𝑘𝑘)Δ𝑥𝑥=2𝑋𝑋(1+27+125+343)=9924

𝑘𝑘=1
  (14) 

The computation of the result in (14) by the integral 
solver is analyzed as follows: 
Definition 1 
Let the terms in the bracket in equation 14 
(1,27,125 𝑎𝑎𝑛𝑛𝑑𝑑 343) be  n 1,n2, n3, n4. 
Let β1 be a vector which represents the set of the 
progressive summation of the terms in the bracket in 
equation 14. From Definition 1, β1is determined as 
follows: 

           𝛽𝛽1=[𝑛𝑛1,𝑛𝑛1+𝑛𝑛2,𝑛𝑛1+𝑛𝑛2+𝑛𝑛3,𝑛𝑛1+𝑛𝑛2+𝑛𝑛3+𝑛𝑛4]                (15) 

  𝛽𝛽1=[1,1+27,1+27+125,1+27+125+343] 

 
                                  𝛽𝛽1=[1,28,153,496]  
 
 
The integral solver computed the summation of the terms 
in the bracket in (14) using the relationship in (15), and 
the results obtained from the progressive summation as 
shown in figure 7is the same as the value of𝛽𝛽1. 
 

 

Figure 7: Summation 

It should be noted that the fourth term in 𝛽𝛽1 i.e. 
𝛽𝛽1(4)represents the sum of the terms in the bracket 
(1,27,125 𝑎𝑎𝑛𝑛𝑑𝑑 343) in equation 14. There is a factor of 
2 in equation 14, which multiplies each of the elements 
in the bracket. If β2 is the vector which represents the 
progressive summation after multiplication by 2, then the 
expression in (15) can also be written as: 

                        𝛽𝛽2=[2𝑥𝑥𝑛𝑛 1,2𝑥𝑥(𝑛𝑛1+𝑛𝑛2 ),2𝑥𝑥(𝑛𝑛1+𝑛𝑛2+𝑛𝑛3),
2𝑥𝑥(𝑛𝑛1+𝑛𝑛2+𝑛𝑛3+𝑛𝑛4 )]                      

                  

(16) 
𝛽𝛽2=[2,56,306,496,992] 

The integral solver computed the value of the 
definiteintegral (992) generated in equation (14) using 
the relationship in equation (16). Figure 8 shows the 
results computed through the progressive summation by 
the definite integral solver which is the same as that 
obtained in equation (14). 
 

 
Figure 8: Integral value 

It should be noted that the fourth term in (16) i.e. β2 (4) 
represents the value of the Riemann integral obtained in 
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equation (14) and also by the definite integral solver in 
figure 8. 
4.2Solution of more examples by the developed 
definite integral solver 
This sectionsolved definite integrals with the designed 
and developed solver and calculated the relative error 
between the solver-generated values and the actual 
values of the integrals: 
Equation 1: Let us consider the following definite 
integral with the following input parameters: 
Upper limit = 10 
Lower limits= 2 
Mid-Point = 4 
Equation constant = -5 
Coefficient of variable x = 4 
Power of variable x = 1 
Actual value of the definite integral = 152 

𝐼𝐼 = ∫ (−5 + 4𝑥𝑥) 𝑑𝑑𝑥𝑥10
2                    (17) 

The result of the computation of the definite integralin 
equation 17 by the solver is shown in figure 9: 

 

Figure 9: Definite integral value of equation (17) 

The relative error can be computed using the following 
terms: 
RError = Relative error 
ValueA = Actual value 
ValueE  = Estimated value 
 

𝑅𝑅𝐸𝐸𝑈𝑈𝑈𝑈𝜓𝜓𝑈𝑈 = �𝑉𝑉𝑎𝑎𝑉𝑉𝑉𝑉𝑈𝑈 𝐴𝐴−𝑉𝑉𝑎𝑎𝑉𝑉𝑉𝑉𝑈𝑈 𝐵𝐵
𝑉𝑉𝑎𝑎𝑉𝑉𝑉𝑉𝑈𝑈 𝐴𝐴

� 𝑋𝑋 100%                             (18) 

=  
152− 152

152
 𝑥𝑥 100% = 0% 

The definite integral solver is able to compute the value 
of definite integral in equation 17 with zero relative 
error. 
 
Equation 2: Let us consider the following definite 
integral with the following parameters: 
Upper limit = 4 
Lower limits= -4 
Mid-Point = 4 
Equation constant = 6 
Coefficient of variable x = 8 
Power of variable x = 3 
Actual value of the definite integral = 48 

𝐼𝐼 = ∫ (6 + 8𝑥𝑥3) 𝑑𝑑𝑥𝑥4
−4 (19) 

The result of the computation of the definite integral in 
equation 19 by the solver is shown in figure 10: 

 

 
Figure 10: Definite integral value of equation (19) 
 
Using equation (18), the relative error is calculate as 
follows: 

=  
48− 48

48
 𝑥𝑥 100% = 0% 

The definite integral solver is able to compute the value 
of definite integral in equation 19 with zero relative 

(16) 
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error. 
 
Equation 3: Let us consider the following definite 
integral with the following parameters: 
Upper limit = 12 
Lower limits= 0 
Mid-Point = 6 
Equation constant = 0 
Coefficient of variable x = 7 
Power of variable x = 2 
Actual value of the definite integral = 4032 

𝐼𝐼 = ∫ (7𝑥𝑥3) 𝑑𝑑𝑥𝑥12
0 (20) 

The result of the computation of the definite integral in 
equation 20 is shown in figure 11: 

 

Figure 11: Definite integral value of equation (20) 
 
Using equation (18), the relative error is calculate as 
follows: 

=  
4032− 4004

4032
 𝑥𝑥 100% = 0.694% < 1% 

The definite integral solver is able to compute the value 
of definite integral in equation 20 with 0.694% relative 
error which is less than 1% and therefore negligible. It is 
as a result of the settings for the midpoint value. 

Equation 4: Let us consider a definite integral with the 
following parameters: 
Upper limit = 14 
Lower limits= 0 
Mid-Point = 7 
Equation constant = 0 
Coefficient of variable = 6 
Power of variable = 2 
Actual value of the definite integral = 5488 

𝐼𝐼 = ∫ (6𝑥𝑥2) 𝑑𝑑𝑥𝑥14
0                    (21) 

The result of the computation of the definite integral in 
equation 21 by the solver is shown in figure 12: 

 
Figure 12: Definite integral value of equation (21) 
Using equation (18), the relative error is calculate as 
follows: 

=  
5488− 5460

5488
 𝑥𝑥 100% = 0.510% < 1% 

The definite integral solver is able to compute the value 
of definite integral in equation 21 with 0.510% relative 
error which is less than 1% and therefore negligible. It is 
as a result of the settings for the midpoint value. 
 
4.3 Evaluation of Power and resource utilization 
Using the Xilinx Power Estimator, the dynamic power 
and static power for the design were estimated. 95% 
(2.684W) of the power was dynamic power while 5% 
(0.143W) of the power was static power. 

(16) 
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Out of a total of 134600 accessible LUTs on the FPGA, 

1.08 percent (1458) LUT (look up tables) programming 

elements (PEs) were used by the design. Similarly, 0.07 

percent (199) FF (flip flops) PEs were used out of a total 

of 269200 FFs; 10.81 percent (80) DSP (digital signal 

processing) PEs were used out of a total of 740 DSPs; 

and 23.86 percent (68) IO (input-output) PEs were used 

out of a total of 285 IOs. 

4.4 FPGA resource utilization comparison with 
similar works 

This section shows the comparison of resource utilization 
of the designed and developed solver with related works 
in table 1. 
 
Table 1: resource utilization comparison with similar 
works 
Parameters Our Work Razak et 

al. 2017 
Rana et 
al. 2016 

FF(%) 0.07 13 8 
DSP(%) 10.81 20 19 
LUT(%) 1.08 19.8 13 
IO(%) 23.86 10 23 

5. CONCLUSION 
The research work has been able to successfully design 
an arithmetic and logical unit (ALU) that handles 
numerical addition, subtraction, multiplication and 
division. It has also been able to deploy the ALU in the 
development of Field Programmable Gate Array (FPGA) 
Based Riemann Summation Definite Integral Equation 
Solver that was used to generate accurate and efficient 
solution to definite integrals, as seen from the equations 
and figures outlined under the stepwise analysis stage, 

and the four additional examples solved. The power 
analysis indicated that the solver operates at low power 
with 95% (2.684W) of the power being dynamic and 5% 
(0.143W) of the power being static power. The solver 
also uses less resources, 1.08% LUT, 0.07% FF, 
10.81DSP, and 23.86 IO. Resource utilization 
comparison with previous works showed better 
performance for all the parameters considered except for 
the IO blocks.
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