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ABSTRACT 
Travelling Salesman Problem (TSP) requires determination of shortest route that connects all given cities (N) by 

passing through each city only once and returning to the original city at the end of the tour. To deterministically 

determine such minimal path, it is proved that it takes at least exponential time complexity to achieve. Other 

variants of the TSP problem are also discussed in literature. One such variant is the Open-loop TSP (OTSP). OTSP 

requires shortest path that passes through each city only once without the need to return to the starting point. In 

OTSP scenario a starting city is normally given and sometimes the final city. In this paper we treat a variant of the 

OTSP called Freely Open-loop TSP (FOTSP) where the tour can start from any city and end at any city provided 

all cities are visited only once and no need to return to the origin. Some characteristics of optimal FOTSP route 

are presented as theorems and an optimisation procedure for the FOTSP which looks for 1 edge to be removed 

and be replaced by another edge (1-Opt) to get shorter path is introduced to be used on the problem. The 1-Opt 

algorithm is shown to have a complexity of quadratic order (O(N2)). It also has quadratic memory requirement 

and involves only simple additions/subtractions and comparisons. It is estimated to have better complexity when 

compared with other algorithms such as metaheuristic algorithms and 2-Opt that provide complexities above 

O(N2). 
Keywords: 1-Opt, 2-Opt, FOTSP, NP-complete, NP-hard, Travelling Salesman Problem. 

 

 

1. INTRODUCTION 
The Travelling Salesman Problem (TSP) is a popular 

combinatorial problem which extends Hamiltonian circuit 

problem to a weighted graph (Gupta & Panwar, 2013). 

Hamiltonian circuit problem asks, given a graph of 

connected nodes (vertices) V, connected by edges E, 

whether a route exists which passes through each node 

once and return to the origin point. This problem is proved 

to be NP-complete(NP=Nondeterministic Polynomial) 

(Thomas & Chaudhari, 2011). That means there is no 

known algorithm to solve it in polynomial time using 

deterministic Turing Machine (TM), but if a solution is 

provided it is easy to verify the solution is valid. 
The decision version of TSP takes such a graph with 

weighted edges and asks, “Given a tour length L, is there 

any tour that visits each node in the graph only once, except 

for the origin node to which the tour has to end at, which 

has a tour length shorter than L?” This problem is also 

proved to be an NP-complete problem. This means it is at 

least as hard as any NP problem. In other words it is not 

simpler than any NP problem (Papadimitriou, 1977). 
The functional version of TSP does not ask a yes or no 

question. It asks, “Given a graph of connected nodes with 

weighted edges connecting them, which route connects all 

nodes and return to the origin node passing each node only 

once, and has the minimum tour length?” 
TSP finds application in many areas. Its basic form is 

applicable in supply and transport. A delivery van will want 

to visit all the delivery points and deliver packages and 

return to its depot using the best route possible to minimise 

cost. This is the origin of the name of the problem where 

salesman visits each of his clients and returns to his depot 

(Ilavarasi & Suresh, 2014). 
A version of TSP that does not require return to the 

origin point is called Open-loop TSP (Akshatha, Vasudha 

& Tanupriya, 2013 and Chieng & Wahid, 2014). This can 

find application in deliveries which are either done by hired 

vehicles which means the cost of returning the vehicle to 

the owners is not bourn by the delivery firm. In this case 

the starting point is pick-up point while the end point does 

not matter. 
Another version can require a fixed end point different 

from a fixed starting point. This may be a case where the 

vehicle will be taken to another depot after the delivery 

(Chieng & Wahid, 2014). 
It is important in manufacture of Integrated Circuits to 

determine the path which the machine should follow to 

minimise cost and energy in laying down the millions of 

transistors on a die. Also, DNA sequencing has problems 

of TSP embedded in it and many more (Akshatha, Vasudha 

& Tanupriya, 2013). 
The above variants and others not mentioned receive 

different degrees of attention from researchers which 

shows that a deterministic optimal solution is obtainable in 

at least exponential time complexity using all known 

algorithms. The brute force complexity of TSP in a fully 

connected graph is (N-1)!. This means at most (N-1)! 

possible tours have to be tried, where N is the number of 

vertices, bearing in mind that the starting point does not 

matter as far as the order of the sequence remains the same. 

Using branch and bound dynamic programming, this 
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complexity can be reduced to N22N (Mataija, Segic & Jozic, 

2016). 
In this paper we present analysis of a TSP variant in 

which no fixed starting point is needed, and no fixed end 

point is needed. This is called Freely Open-loop TSP 

(FOTSP). This has direct application in which no fixed 

starting or end point is needed. Drilling holes in circuit 

boards is one of such applications in which it doesn’t 

matter where the start or end point is. 

The rest of the paper is arranged as follows. Section II 

gives the theoretical background of TSP its complexity and 

insight into some available solutions to TSP. Section III 

describes some characteristics of optimal FOTSP route and 

theorems about them. Section IV presents 1-Opt algorithm 

for FOTSP optimisation. Section V gave further 

discussions on 1-Opt. Lastly Section VI presents 

conclusion and intended direction for further work. 

 

2. THEORETICAL BACKGROUND 

 
A. Complexity 

There are problems which are easy to solve and easy to 

verify a result if given one. The term easy in complexity 

terminologies means, the number of operations needed to 

determine the solution or verify its answer is proportional 

to a certain power of the number of inputs. In other words, 

the complexity is proportional to a polynomial function of 

the size of inputs. This class of problems is classified as 

deterministic polynomial time problems, termed as P class 

of problems (Cobham, 1970). 
On the other hand, there is another class of problems to 

which there is no known method to solve them in 

polynomial time, but once a solution is given, it can be 

easily verified in polynomial time. The solution to some of 

such problems normally follow nondeterministic 

approaches that can be determined in polynomial time. 

This class of problems are termed Nondeterministic 

Polynomials NP problems. Among these are some, who are 

verified to be at least as hard as the any other NP problem. 

These are termed NP-complete. There are other problems 

that are NP and cannot be solved by any known method or 

verified by any known method in polynomial time. The 

whole class is generally termed as NP-hard class (Cobham, 

1970). 
The decision version of TSP is categorised as an NP 

complete problem (Allender et al., 2007 and Karpinski, 

Lampis & Schmied, 2015). This version asks whether 

given a distance, there exist a route, passing through all 

cities once and returning to starting point, which is shorter 

than the distance. This means it is an NP-hard problem to 

which, any NP problem can be reduced to in polynomial 

time. Finding a polynomial solution to TSP problem means 

finding a solution to all problems that are verified to be in 

NP (Karpinski, Lampis & Schmied, 2015). 
B. TSP 

The significance of TSP problem creates a lot of interest 

in it such that a lot of solutions to the problem ranging from 

heuristic, to approximate and to exact solution were 

provided. Some of such solution are provided as follows. 
Branch and bound algorithm is an exact solution that 

uses bounds to control the search space of the problem 

(Mataija, Segic & Jozic, 2016 and Little et al., 1963). It 

creates branches of solution and discard any branch whose 

weight is greater or equal to a global bound or whose 

solution is not feasible. Like other exact algorithms, branch 

and bound suffers exponential complexity though far better 

than brute force. 
Kruskal’s algorithm determines minimum spanning 

tree (MST) by arranging the weights of the paths in 

ascending order and picking one after the other edges 

making sure they do not create a closed loop until all nodes 

are included. The total length of this edges multiplied by 2 

serves as the upper bound to a solution which is determined 

by replacing some of the edges of the MST by other edges 

(Kruskal, 1956 and Manga, 2008). The complexity of this 

algorithm is of order O(Elog(N)), where E is number of 

edges. In fully connected graph, E N2. 
Nearest Neighbour is a very quick algorithm in which 

the salesman starts from any city and visits the nearest city 

from his position that was not visited until he visited all 

cities before he returns (Gutin, Yeo & Zverovich, 2002). It 

normally does not produce optimal result but is a very 

quick way of getting a short route. 
One of the early solution to TSP is the Held-Karp 

algorithm presented in 1962 (Held & Karp, 1962). It is a 

dynamic programming method that splits the problem into 

small sub-problems. It recursively advances the solution to 

bigger sub groups and whenever a smaller sub-problem is 

required, it is recalled from memory. The computational 

complexity of this algorithm is O(N22N) and memory 

requirement of the order of O(N2N). Though still 

exponential, it is a huge reduction from (N-1)!. 
Metaheuristic algorithms such as Ant Colony 

Optimisation (ACO) are used to solve larger values of 

nodes (Akter et al., 2019 and Dorigo & Gambardella, 

1997). ACO mimics the behaviour of ants in seeking for 

best path by following the trail of pheromone left behind 

by other ants that passed. It was able to achieve results 

within around 99% accuracy with complexity of order 

O(N2t), where “t” is the number of iterations (Dorigo & 

Gambardella, 1997). The number of Iterations is normally 

close to N2 also, therefore, the algorithm is roughly O(N4). 
In general, the exact algorithms available are still 

exponential, while non exact ones do not guarantee optimal 

result. 
C. FOTSP 

TSP attracts the most attention because the remaining 

variants of it are deductible from it by adding or reducing 

its complexity and conditions. One of these variants is the 

Open-loop TSP (OTSP) (Akshatha, Vasudha & Tanupriya, 

2013 and Chieng & Wahid, 2014). OTSP which can start at 

any point and end at any receive even less attention. This 

version is termed Freely OTSP (FOTSP). 
As an example, the search for the keywords “TSP 

Salesman” on IEEE Xplore database returned 1,352 hits as 

on 30th July 2019. Among those hits are many of its 

variations which include Open-loop. But a search for 

“OTSP Salesman” returned no hits. Though this is not a 

definitive statistical data, it serves as a guide to level of 

attention received by the variants. 
The lack of interest may be due to the fact that it is 

assumed that solving the other variants gives a solution to 
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FOTSP. In the coming sections we will discuss and prove 

that FOTSP has some properties that are unique to itself 

and can help towards optimising the search for optimal 

route which can help in solving other problems more 

efficiently. 

3.  FOTSP THEOREMS 

 
A. The Open Edge 

The open edge in FOTSP route is the edge that directly 

connects the starting node of the journey to the final node. 

In Fig. 1, the open edge is AE. 
Because the journey can start from any node and end at 

any other node in FOTSP, it implies that the open end can 

be moved to any edge. The open edge can be connected to 

form a closed loop TSP route and then any other edge can 

be opened to form another FOTSP route. As an example, 

AE in Fig. 1 can be closed and then edge BF be opened to 

form another valid FOTSP route. In other words, the open 

edge replace edge BF in the route as shown in Fig. 2. 

 
Fig. 1: FOTSP route with open edge AE 

 
Fig. 2: New FOTSP route obtained by open edge 

replacement 
 

Theorem I presents a property of open edge substitution 

in optimal route as follows. 
 

Theorem I: In an optimal route of a Freely Open-loop 

Travelling Salesman Problem, the weight of the open edge 

is greater or equal to the weight of any other edge on the 

route. 
 

Proof of Theorem I. 

 Assume in a scenario with N nodes, a FOTSP route 

with the least possible weight W is obtained such 

that𝑊 = ∑ 𝑤𝑖
𝑁−1
𝑖=1   where wi is the weight of the ith 

edge and wN is the weight of the open edge which is not 

part of the FOTSP route. 
 If there exist a weight at any position “T” on the route, 

such that,  wN < wT . This implies wN – wT < 0. 

 Then 𝑊′ = 𝑊 +𝑤𝑁 − 𝑤𝑇is the weight of a valid 

FOTSP route with edge at position N introduced into it 

and edge at position T removed from it. 

 From the above it can be deduced that 𝑊′ < 𝑊. This 

shows that if wN < wT is true, then a route that has less 

weight than W exists. 
 This negates the assumption that the route W is an 

optimal route. Therefore, wN < wT  cannot be true in an 

optimal path which proves Theorem I. 

As a direct consequence of Theorem I, the following 

Lemma can be deduced. 

Lemma: The edge with the maximum weight in a fully 

connected TSP, does not lie on the optimal FOTSP route. 

This is because, if the edge with maximum weight lies 

on the FOTSP route, it can always be replaced with the 

open edge, which by definition has a weight less than that 

of the maximum edge. This means the route after the 

replacement will have a total weight less than the 

previously supposed optimal route. 

B. Unconnected Edge and Semi-Open Edge 
An unconnected edge in FOTSP route is an edge that 

does not lie on the route. It connects nodes, which may be 

at the termination points of the route or any other position, 

that are not adjacent to each other on the route. In Fig. 1, 

BC, AD and AE are all unconnected edges, while AB is 

connected because it lies on the route. 
AC is an unconnected edge that connects a node which 

is not at the end of the route (node C) to one of the nodes 

at the end of the route (node A). If such edge is closed, it 

forms a sub-loop that excludes some nodes. This means 

connecting it forms an invalid route. In this paper we will 

refer to such edges (as in AC) as Semi-Open edges. 
The edge that lies on the route and connects to any 

Semi-Open edges from within the sub-loop that will be 

formed by connecting the semi-open edge, is termed a 

“connected loop edge” to that particular semi-open edge. 

In Fig. 1, CD is a connected loop edge to AC. The other 

edge lying on the route which connects to a semi-open edge 

and forms a branch to the loop if the semi-open edge is 

connected, is termed “connected branch edge”. In Fig. 1, 

CE is the connected branch edge to AC. 
Generally, a semi-open edge can replace a connected 

loop edge in a FOTSP route to form another valid FOTSP 

route. In the example of edge AC given from Fig. 1, the 

semi-open edge AC can replace edge CD which lies on the 

FOTSP route to give another valid FOTSP route as shown 

in Fig. 3.  
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Fig. 3 FOTSP route formed by replacing CD with AC 

 

In order to minimise the route weight of FOTSP, this 

replacement can be made only if the weight of the semi-

open edge is less than or equal to that of the connecting 

loop edge to be replaced. This information is given in 

Theorem II as follows. 
Theorem II: In an optimal route for Freely Open-loop 

Travelling Salesman Problem, the weight of all semi-open 

edges must be less than or equal to the weight of their 

corresponding connecting loop edges. 
 

Proof of Theorem II. 
 Assume a FOTSP route with N nodes has the least 

possible weight W in the graph. 

 Assume wX is the weight of a semi-open edge of the 

optimal route formed, which connects to a connected 

loop edge of weight wT at position T such that wX < wT. 

This implies wX – wT < 0  

 Then 𝑊′ = 𝑊 +𝑤𝑋 −𝑤𝑇is the weight of a valid 

route weight that removes the connecting loop edge and 

replace it by the semi-open edge. 

 From above it can be deduced that 𝑊′ < 𝑊 
 The deduction above negates the first assumption that 

W is the minimum weight for an optimal route. 
 Therefore wX < wT cannot be true if the route is optimal, 

which proves Theorem II. 

 

4. 1-OPT OPTIMISATION 
 

From the theorems proved in Section III, we can 

formulate an optimisation procedure that can be used to 

find the FOTSP route with a small weight without trying to 

search through all possible routes, which is super-

exponential. The steps in the 1-Opt procedure are itemised 

as follows: 
 

a) Arbitrarily choose an open-loop route that passes all 

nodes only once without having to return to the initial 

node. 

b) Check the weights of all the edges and find the 

maximum weight. 

c) Compare the maximum weight to the open edge. If it is 

greater than the open edge, replace the maximum edge 

with the open edge. 

d) Choose one of the terminating nodes as a reference. 

e) From the reference terminating node, find the 

difference between all semi-open edges from their 

connecting loop edge (wconn-loop – wsemi-open).  

f) IF a single positive difference exist replace the 

connecting loop edge associated with it by its semi-

open edge and go back to step d), ELSE IF more than 

one positive differences exist then find the maximum 

and replace its connecting loop edge by its semi-open 

edge and go back to step d), ELSE IF none of the 

differences is positive choose the other terminating 

node as reference node if not tried before and go back 

to e), ELSE terminate iteration. 

g) The resultant route is, therefore, the 1-Opt optimised 

route for FOTSP. 
 This algorithm is the proposed 1-Opt algorithm for 

optimising FOTSP route. It is just one possible variation of 

1-Opt. It is possible to have other strategies of choosing 

which is the best edge to substitute. 

 

5. DISCUSSION  

 

The 1-Opt procedure described above does not 

guarantee attainment of global optimum route in FOTSP. 

This is because 1-Opt optimality does not guarantee 2-Opt  

optimality, just as 2-Opt wouldn’t guarantee higher 

optimality and so-on. 
To demonstrate this fact, assume the route whose 

section is shown in Fig. 4 is 1-Opt optimal. 
We can say from theorem 2 that: w1 ≤ wa; w2 ≤ wb and 

w3 ≤ wc. 
But the theorem does not guarantee that w1+w3 < 

wx+wy. This is because wx and wy are not weights of semi-

open edge or open edge. 

 
Fig. 4 A section of FOTSP route 

 It is worth noting that the complexity of 1-Opt is 

quadratic with respect to number of nodes. This is because 

the steps involved in the algorithm have the following 

complexities. 
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Step a) has constant complexity. This means no matter 

how large is the number of nodes, the task is just simply 

picking one edge. 
Step b) Has quadratic complexity. This is because the 

maximum number of edges is (N2-N)/2. 
Step c)  has constant complexity because it has only a 

single comparison. 
Step d) is also of constant complexity because we are 

going to choose only from one of two terminating nodes. 
Step e) and f) have linear complexity because there 

there are only N-1 semi-open edges to check. 
Step f) has the possibility of looping back to d) up to N-

1 maximum iterations. This means the linear complexity of 

those section can be repeated (multiplied by) N-1 times. 

This makes the maximum complexity of the section 

quadratic. 

Overall the highest complexity is quadratic which is the 

complexity of the 1-Opt algorithm.  
The memory needed to save parameters during the 

algorithm is quadratic. The computations involved in it are 

also simple computations such as additions, subtractions 

and comparisons.  This means it will be an algorithm that 

is very useful when complexity is paramount in an 

implementation of the problem 
As discussed in section 2 B, the best known 

approximation algorithm for solving TSP has N2log(E) 

which is slightly above quadratic. Other implementations 

such as that of 2-Opt can have a complexity of up to O(n!) 

or 2O(n) in worst case scenario. In some implementations, 

the best recorded has average of O(N2.2) (Darwish & Talkhan 

2014). This shows that 1-Opt has better complexity than the 

known algorithms for solving TSP.  

6. CONCLUSION 

In this paper we have discussed FOTSP and 

characterise it through the theorem of open edge (Theorem 

I) and the theorem of semi-open edge (Theorem II) for 

optimal route. From these characteristics, FOTSP route can 

be optimised using the 1-Opt algorithm presented in this 

paper to have least or close to least route weight. 
It was shown, as discussed in section 5 

(DISCUSSIONS) that 1-Opt algorithm presents a solution 

to FOTSP with a complexity of O(N2) which is better than 

similar known approximation algorithms. This paper did 

not present analysis of the accuracy of 1-Opt algorithm. 
In the future empirical result of using this 1-Opt 

procedure will be investigated through implementing it and 

comparing the accuracy of its results with other techniques 

used for FOTSP optimisation. Other variations and 

modifications of the 1-Opt algorithm can also be explored 

for performance enhancement and complexity reduction. 
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